We show that the constitutive relation for the thermal flux proposed by Xu & Hu (2011) admits an unconditional instability. We also highlight the difference between mathematical models containing delay and those that include relaxation effects.
Introduction
In a recent article, Xu & Hu [1] put forth what they describe as a 'ballistic-diffusive heat conduction model' to relate q, the heat flux vector, to T, the absolute temperature. After a detailed and, seemingly, rigorous derivation starting from Boltzmann's transport equation, these authors arrive at the delay-containing constitutive relation [1, eqn (4.17) ]: q(r, t + τ e ) = −λ(L)∇T(r, t), (1.1) where the positive constants τ e , λ(L) and L denote a delay (or lag) time, an effective thermal conductivity, and a macroscopic length scale, respectively, and r = (x, y, z) is the position vector. According to Xu & Hu [1, p. 1858 ], 'L is the size of the heat conduction medium'. Xu & Hu [1] then proceed to eliminate q between equation (1.1) and the energy conservation equation [1, eqn (4.11) ], the result of which (see [1, [1] next turn their attention to the problem of heat flow in thin films, for which they formulate a one-dimensional (1D) initial-boundary-value problem (IBVP) of the signalling type, where in the present setting '1D' implies that q = (q(x, t), 0, 0) and ∇T = (∂T(x, t)/∂x, 0, 0). However, rather than using equation (1.2) as the temperature equation for the thin film, which they regard as a thermally conducting rigid solid, these authors use [1, eqn (5.2)]: (1.2) in a Taylor series, and then neglecting all but the first two terms, an approach often followed when applying non-classical diffusion models (see, e.g. [6, 7] , as well as [8, §1.5] and the references therein). Apparently unbeknownst to Xu & Hu [1] , however, this attempt at approximation resulted in an equation for the temperature field (i.e. equation (1.3)) that, from the mathematical standpoint, is equivalent to the one which would have resulted had these authors assumed the constitutive relation known as the Maxwell-Catteneo (MC) law [8] [9] [10] , namely,
where k(> 0) is the thermal conductivity and τ (> 0) is the thermal relaxation time.
In the next section, we show that the Taylor-series approximation used to simplify the 1D version of equation (1.2) has resulted in the masking 2 of a 'fatal' flaw contained in equation (1.1).
Mathematical analysis
In this section, we reconsider Xu & Hu's thin film problem under the assumption that the temperature field is described by the 1D version of equation (1.2); first, however, we introduce the following dimensionless variables:
where T 0 (> 0) is the amplitude of the thermal signal which shall be applied to the boundary
is the coefficient of thermal diffusivity, and L is now taken to represent the film's thickness. So, with a word of caution regarding differences in units vis-a-vis [1, IBVP (5.
3)], we now seek an analytical solution to the delayed-initial-boundary-value problem (dIBVP) reference we note that, in terms of the dimensionless variables defined above, the 1D version of equation (1.2) becomes
Owing to the nature of dIBVP (2.2), we elect to follow a dual transform approach in determining its solution. To this end, we first apply the finite sine transform [12] to equation (2.2a ). This yields, after making use of the boundary conditions given in equation (2.2b), the subsidiary ordinary differential equation
where a bar over a quantity denotes the image of that quantity under the finite sine transform. In turn, applying the Laplace transform to equation (2.4), and then making use of the delayed initial condition (dIC) given in equation (2.2c), we find, after solving the ensuing algebraic equation, that 
where the constant γ (> 0) is chosen so that the line s = γ lies to the right of all the singularities of the integrand. As the singularities of the integrand consist only of poles, it follows that the integral in equation (2.6) can be evaluated using the residue theorem [13] . Determining these poles is, of course, equivalent to finding the roots of the transcendental equation
Clearly, this equation is satisfied either when s = 0 or when
As shown in [2] , the roots of equation (2.8) can be expressed in closed form. First, for n = n * := π −1 (eτ 0 ) −1/2 :
all of which are simple poles. Second, for n = n * :
and s n,r = τ
where except for −τ −1 0 , the single pole of order two, all are simple poles. Here, W r (·) denotes the rth branch of the Lambert W-function [14] , with W 0 (·) denoting the principal branch.
On calculating and summing up the residues at each of the poles, it is a straightforward matter to show that the integral in equation (2.6) evaluates tō
T(n, t) = H(t)
1 nπ − Ψ n (t) . Here, for simplicity of presentation, we have defined
wherein, post-inversion, we performed the shifting t → t − τ 0 so that the dIC given in equation (2.2c) would be satisfied. Finally, on applying [12, theorem 27] to equation (2.11) and simplifying, the exact solution to dIBVP (2.2) is found to be
the substitution of which into equation (2.3) gives the corresponding expression for the flux, namely
Equations (2.13) and (2.14) should be contrasted with equations (A 2) and (A 5) in Appendix A, which correspond to the IBVP for equation (1.3) . Now, an inspection of equation (2.12) for the case n = n * reveals that, in particular, both Re[W −1 (−n 2 π 2 τ 0 )] and Re[W 0 (−n 2 π 2 τ 0 )] are positive for every n > n • , where Re[·] and Im [·] denote the real and imaginary parts, respectively, of a complex quantity and n • := (2πτ 0 ) −1/2 , where n • > n * . Therefore, |T(n, t)| → ∞, as t → ∞, for every n > n • ; i.e. the solution to dIBVP (2.2) is strictly, and unconditionally, unstable. Criteria that ensure each of the remaining poles in equation (2.9) have a positive real part can also be derived, highlighting the severity of the instability.
Closing remarks
(i) While the delay-induced instability reported here is similar to the one studied in [2] , there are two important differences to take note of: first, in dIBVP (2.2) a thermal excitation is delivered via the boundary, versus that of [2] wherein a pre-initial temperature profile evolves under the delayed heat equation and, second, whereas the instability exhibited by dIBVP (2.2) is unavoidable, given the manner of excitation, the instability encountered in [2] can be prevented, at the cost of restricting the value of τ 0 , by switching to a (problem-)specific class of pre-initial data. where all asterisk superscripts have been suppressed but should remain understood. IBVP (A 1) can be solved analytically using either an integral transform approach or via an eigenfunction expansion [22] . Either way, the exact, physically admissible, series solution (e.g. [22] ) is
T(x, t) = H(t) (1 − x) −

